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Abstract 

A generic degenerate Lagrangian system of even and odd variables on an arbitrary smooth 
manifold is examined in terms of the Grassmann-graded variational bicomplex. Its Euler-Lagrange 
operator obeys Noether identities which need not be independent, but satisfy first-stage Noether 
identities, and so on. However, non-trivial higher-stage Noether identities are ill defined, unless 
a certain homology condition holds. We show that, under this condition, there exists the exact 
Koszul-Tate chain complex whose boundary operator produces all non-trivial Noether and higher- 
stage Noether identities of an original Lagrangian system. Noether's inverse second theorem that 
we prove associates to this complex a cochain sequence whose ascent operator provides all gauge 
and higher-stage gauge supersymmetries of an original Lagrangian. 



Introduction 

Since Noether identities of a Lagrangian systems of even variables are parameterized 
by elements of a Grassmann algebra, we address from the beginning a generic degenerate 
Lagrangian system of even and odd variables on an arbitrary smooth manifold. It is described 
in terms of the Grassmann-graded variational bicomplex [2, 5, 15] generalizing the well-known 
variational bicomplex for even Lagrangian systems on fiber bundles [1, 14, 19] (Section 1). 
Theorem 1 provides its relevant cohomology. 

Any Euler-Lagrange operator obeys trivial Noether identities which are defined as bound- 
aries of a certain chain complex (Definition 2). A Lagrangian system is said to be degenerate 
if its Euler-Lagrange operator obeys non-trivial Noether identities given by homology of 
this complex. Noether identities need not be independent, but satisfy non-trivial first-stage 
Noether identities, which in turn are subject to the second-stage ones, and so on. Thus, 
we have a hierarchy of reducible Noether identities. A problem is that trivial higher-stage 
Noether identities need not be boundaries. 

The notion of reducible Noether identities has come from that of reducible constraints. 
Their Koszul-Tate complex has been invented by analogy with that of constraints under a 
rather restrictive regularity condition that field equations as well as Noether identities of 
arbitrary stage can be locally separated into the independent and dependent ones [9]. This 
condition has also come from the case of constraints locally given by a finite number of 
functions which the inverse mapping theorem is applied to. A problem is that, in contrast 
with constraints, Noether and higher-stage Noether identities are differential operators. They 
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are locally given by a set of functions and their jet prolongations on an infinite order jet 
manifold. Since the latter is a Frechet, but not Banach manifold, the inverse mapping 
theorem fails to be valid. 

In Section 2, we show that, if Noether and higher-stage Noether identities are finitely 
generated and iff a certain homology regularity condition (Definition 7) holds, one can asso- 
ciate to the Euler-Lagrange operator of a degenerate Grassmann-graded Lagrangian system 
the exact Koszul-Tate complex (54) whose boundary operator (55) produces all non-trivial 
Noether and higher-stage Noether identities (Theorem 2). 

Noether's second theorems in different formulations relate the Noether and higher-stage 
Noether identities to the gauge and higher-stage gauge symmetries and supersymmetries of a 
Lagrangian system [4, 5, 12]. In Section 3, we prove Noether's inverse second theorem (The- 
orem 3) which associates to the above mentioned Koszul-Tate complex the cochain sequence 
(59), whose ascent operator (60) provides gauge and higher-stage gauge supersymmetries of 
an original Lagrangian system. This operator need not be nilpotent. Therefore, a formula- 
tion of Noether's direct second theorem in cohomology terms meets difficulties. However, the 
ascent operator admits a nilpotent extension and the above mentioned cochain sequence is a 
complex if gauge and higher-stage gauge supersymmetries of an original Lagrangian system 
constitute an algebra (Remark 7). 

In Section 4, an example of a reducible degenerate Lagrangian system coming from the 
topological BF theory is examined in detail. 

1. Preliminary. Grassmann-graded Lagrangian systems 

Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second-countable 
(hence, paracompact) and connected. The symbols A, E, S stand for symmetric multi- 
indices, e.g., A = (Ai...Afc), |A| = k, and A + A = (AAi...Afc). 

Let Y — > X, dimX = n, be a fiber bundle and J r Y, r e N, the jet manifolds of its 
sections. The index r = stands for Y . There is the inverse system of affine bundles 

x^y^j 1 y< r^Y^rYi , (i) 

whose projective limit (J°°Y\ 7r^° : J°°Y — > J r Y) is a paracompact Frechet manifold [19]. A 
bundle atlas (Uy] x x , y l ) of Y — > X induces the coordinate atlas 

(W)- 1 ^); x\ y\ y\ !,\....). < |A|, (2) 

of J°°Y. The inverse system (1) yields the direct system 

0*X 0*Y ^ 0\Y — ► • • • 0*_ X Y 0* r Y — ► • • • (3) 

of graded differential algebras (henceforth GDAs) 0*Y of exterior forms on jet manifolds 
J r Y with respect to the pull-back monomorphisms n r r -\* ■ Its direct limit is the GDA O^Y 
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of all exterior forms on finite order jet manifolds modulo the pull-back identification. The 
GDA O^Y is split into the above mentioned variational bicomplex describing Lagrangian 
systems on a fiber bundle Y — > X. 

Remark 1. The GDA O^Y is a subalgebra of the GDA considered in [19]. Let 6* be 
the sheaf of germs of exterior forms on J r Y and ©* its canonical presheaf (we follow the 
terminology of [17]). There is the direct system of presheaves 

whose direct limit is a presheaf of GDAs on J°°Y . Let X*^ be the sheaf of germs of this 
presheaf. The structure module rX*^ of sections of this sheaf is a GDA such that, given 
an element G rX*^, there exist an open neighbourhood U of each point of J°°Y and an 
exterior form (f>^ on some finite order jet manifold J k Y so that (p\u = 7r^°*0^^|f/. There is 
an obvious monomorphism O^Y — > rX*^. Note that J^Y admits the partition of unity by 
elements of the ring rX^,, but not O^Y. Therefore, one can obtain cohomology of rXj^F 
by virtue the abstract de Rham theorem [1, 19]. The GDA O^Y is proved to possesses the 
same cohomology as rX*^ [13, 14]. The above mentioned Theorem 1 is similarly proved. 

In order to describe Noether identities generated by elements of projective Grassmann- 
graded C°°(X)-modules of finite rank, we appeal to the well-known Serre-Swan theorem, 
extended to noncompact manifolds [16, 18], and to its following combination [6, 16] with the 
Batchelor theorem [3]. 

Proposition 1. Given a smooth manifold Z , the exterior algebra of a projective C°°(Z)- 
module of finite rank is isomorphic to the ring of graded functions on some graded manifold 
whose body is Z . 

Let (Z, 21) be a graded manifold with a body Z and a structure sheaf 21 of Grassmann 
C|?-algebras of finite rank, where C|? is the sheaf of germs of smooth real functions on Z 
[3]. The above mentioned Batchelor theorem states an isomorphism of (Z,$V) to a graded 
manifold (Z, 21q) with the structure sheaf 21q of germs of sections of an exterior bundle 

aq* = r © <5* © a <5* © • • • , 

z z z 

where Q* is the dual of some vector bundle Q — > Z. In our case, Batchelor's isomorphism 
is fixed from the beginning. Let us call [Z, 21q) a graded manifold modelled over Q. Its 
structure ring Aq of graded functions consists of global sections of the exterior bundle AQ*. 
Let UAq be the real Lie superalgebra VAq of graded derivations of the IR-ring Aq, i.e., 

u(ff') = u(f)f + (-l)Wl /«(/'), /, /' G Aq, ue *A Q , 

where the symbol [.] stands for the Grassmann parity. Then the Chevalley-Eilenberg complex 
of T)Aq with coefficients in Aq can be constructed [10]. Its subcomplex S*[Q; Z] of .4.Q-linear 
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morphisms is the Grassmann-graded Chevalley-Eilenberg differential calculus 

A Q ^S 1 [Q■,Z}^■■■S k [Q■,Z]^■■■ 
oveT Aq = S°[Q; Z\. The graded exterior product A and the Chevalley-Eilenberg cobound- 
ary operator d make S*[Q; Z] into a bigraded differential algebra (henceforth BGDA) 

0A0' = (-1)I<^'I + ^Va0, d(0 A 0') = (20 A 0' + (-1)^0 A (20', (4) 

where |.| denotes the form degree. Moreover, S*[Q; Z] is a minimal differential calculus over 
Aq generated by elements df, f e Aq. There is a natural monomorphism 0*Z — > 5*[<3; -Z]. 

Elements of the BGDA S*[Q; Z] can be seen as graded exterior forms on a manifold Z. 
Given an open subset U C Z, let Au be the Grassmann algebra of sections of the sheaf 21q 
over 27, and let S*[Q; U] be the Chevalley-Eilenberg differential calculus over Au- Given an 
open subset 27' C 27, the restriction morphism Au —> Au 1 yields a homomorphism of BGDAs 
S*[Q; 27] -> S*[Q; 27']. Thus, we obtain the presheaf {U,S*[Q; 27]} of BGDAs on a manifold 
Z and the sheaf -Z] of germs of this presheaf. Moreover, {U,S*[Q; 27]} is a canonical 

presheaf of %*[Q; Z\. Hence, S*[Q; Z] is the BGDA of global sections of the sheaf %*[Q; Z], 
and there is the restriction morphism S*[Q; Z] — > 27] for any open U G Z. Due to this 

morphism, elements of <S*[Q;.Z] take the following local form. Bundle coordinates (z A ,q a ) 
on Q and the corresponding fiber basis {c a } for Q* provide a local basis (z A ,c a ) for the 
graded manifold (Z, 21q) such that graded functions on Z read 

/ = E tUl..^ 1 • • • cafe ' U..a k e C°°(Z). (5) 

0<fc K - 

Owing to the isomorphism VQ = Q x Q : the fiber basis {d a } for the vertical tangent bundle 
VQ — > Q of Q — > Z is the dual of {c a }. Then the ^.Q-module 0^4q of graded derivations is 
locally generated by the elements <9a, d a acting on graded functions (5) by the rule 

dAU) = T,TMf ai ... ak )c^... c a \ w) = e^ e (-irVa,..^^...^.-.^. 

0<fc 0<fc fi " l<j<fc 

Relative to the dual bases {dz A } for T*Z and {rfc 6 } for Q*, the BGDA S*[Q; Z\ is locally 
generated by graded one-forms dz A , dc a . 

A generic Lagrangian system of even and odd variables on a smooth manifold X is defined 
in terms of composite graded manifolds whose bodies are a fiber bundle Y — > X and its jet 
manifolds J r Y [6] (see [5, 15] for a particular case of an affine bundle Y — > X). Let F — > X 
be a vector bundle. Let us consider the graded manifold ( J r Y, , SIfJ modelled over the 
product F r = J r Y Xx J r F. There is an epimorphism of graded manifolds ( J r+1 Y, 2l j p r+1 ) — > 
( J r F, 2li? r ). It consists of the surjection 7r^ +1 and the sheaf monomorphism 7r^ +1 *2l^ r — > 2lF r+ i, 
where 7r^ +1 *2li7 r is the pull-back of the topological fiber bundle % Fr — > J r F onto J r+1 17 This 
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monomorphism of sheaves yields a monomorphism of their canonical presheaves 2lp r — > 2lp r+ i 
which associates to every open subset U C J r+1 Y the ring of sections of 2lp r over ix r r +1 (U). 
Accordingly, there is a monomorphism of graded commutative rings Af t — > Af t+1 which 
induces the monomorphism of BGDAs 

S*[F r ; J r Y] -> «S*[F r+1 ; J r+1 Y]. (6) 

As a consequence, we have the direct system of BGDAs 

S*[Y x F; Y] — >S*[F 1 ; J l Y] — >■■■ S*[F r ; J r Y] — >■■■. (7) 

Its direct limit S^[F; Y] is a BGDA of all graded exterior forms on jet manifolds J r Y modulo 
monomorphisms (6). The relations (4) hold. Monomorphisms 0*Y — > S*[F r ; J r Y] provide a 
monomorphism of the direct system (3) to the direct system (7) and, thus, a monomorphism 
O^Y — > S^[F; Y] of their direct limits. Moreover, S^fF; Y] is an C^Y-algebra. 

Elements of the BGDA S^lF; Y] can be seen as graded exterior forms on J°°Y. Indeed, 
let &*[F r ; J r Y] be the sheaf of BGDAs on J r Y and &*[F r ; J r Y] its canonical presheaf whose 
elements are the Chevalley-Eilenberg differential calculus over elements of the presheaf 2lp r . 
Then the presheaf monomorphisms 2lp r — > %F r+1 yield the direct system of presheaves 

G*[Y x F;Y]^6*[F 1 ;J 1 Y]^---e*[F r ;J r Y]^---. (8) 

Its direct limit is a presheaf of BGDAs on J°°Y. Let I^JFjY] be the sheaf of germs of 
this presheaf. The structure module rij^fF; Y] of sections of X£JF; Y] is a BGDA such 
that, given an element 4> G TX^JF; Y], there exist an open neighbourhood U of each point 
of J°°Y and a graded exterior form (p^ on some finite order jet manifold J k Y so that 
(j,\ u = n^^lu. There is a monomorphism S^[F; Y] -> FT^F; Y] (cf. that in Remark 1). 

Due to this monomorphism, one can restrict <S^[F; Y] to the coordinate chart (2), and 
say that «S^[F; Y] as an C^Y-algebra is locally generated by the elements 

(4, dx\ 61 = dc a A ~ c a x+A dx\ 6\ = dy\ - y\ +A dx x ), < |A|. 

One calls (y\ c a ) the local basis for S^[F; Y\. We further use the collective symbol s A for its 
elements, together with the notation s A , 9 A = ds A — s A +A dx x , and [A] = [s A j. Let dS^ [F; Y] 
be the Lie superalgebra of graded derivations of the M-ring S^[F; Y\. Its elements read 

d = $ X 3\ + £ Kdi, #\< e S°[F;Y], (9) 

0<|A| 

where <9^(sf) = 8^8^ up to permutations of multi-indices A and E. The interior product 
■d\(f) and the Lie derivative L^, e «S^[F; Y], obey the relations 

0<|A| 

^J(0Aa) = Aa + HjW+W^A^ff), 0, (7 e <S^[F; Y], 

= + L*(0 A a) = L„(0) Aa+ AL*(<t). 
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In particular, the total derivatives are defined as graded derivations 

*S°JF; Y]3d x = d x +J2 <a^, d x <P = L d J, d A = d Xl --- d Xk . 

0<|A| 

The BGDA Y] is split into S^[F; Y]-modules S^ r [F;Y] = h k o /i r (S^[F; Y]) of 

fc-contact and r-horizontal graded forms. Accordingly, the graded exterior differential d on 
S^F; Y] falls into the sum d = dn + dy of the total and vertical differentials where 

dn ° h k = h k o do h k , d H {<t>) = dx x A d x ((p). 

These differentials together with the graded projection endomorphism 

Q=T,zB oh k° hn > E(-l) |A '^A[d A (^J0)], </> e S>°' n [F;Y], 

k>0 K 0<|A| 

and the graded variational operator 8 — go d make the BGDA <S^[.F; Y] into the above 
mentioned Grassmann-graded variational bicomplex. We restrict our consideration to its 
short variational subcomplex and the subcomplex of one-contact graded forms 

-> R — S^F; Y] ^[F; Y] • • • ^ S* B [F; Y] E x = ^[F; Y]), (10) 
- <S^°[F; Y] 1Z+S£[F; Y] • • • ^S^[F; Y] — ^ Ei — > 0. (II) 

One can think of their even elements 

L = £u e S°?[F;Y], u = dx 1 A--- Adx 11 , (12) 
5L = 9 A A = X! (-l) |A| ^ A A d A {d\L)uj E E x (13) 

0<|A| 

as being a graded Lagrangian and its Euler-Lagrange operator, respectively. 

Theorem 1. (i) Cohomology of the complex (10) equals the de Rham cohomology 
H*(Y) ofY. (ii) The complex (11) is exact. 

Proof. The proof follows that of [15], Theorem 2.1 (see Section 5). q.e.d. 
Corollary 1. A S-closed (i.e., variationally trivial) graded density L e S^[F; Y] reads 

L = hoi>+d H z, ee^-^n (14) 

where ip is a closed n-form on Y. In particular, a S-closed odd graded density is dn-exact. 
Corollary 2. Any graded density L admits the decomposition 

dL = 5L-d H E, E e S^-^F-Y], (15) 
where L + S is a Lepagean equivalent of L. 
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A graded derivation -d (9) is called contact if the Lie derivative L# preserves the ideal of 
contact graded forms of the BGDA S^F; Y\. It reads 

■& = -& H + #y= [tf x d x ] + [v A d A + ]T d A v A d% v A = $ A - s A $ x . (16) 

0<|A| 

A contact graded derivation $ (16) is called a variational supersymmetry of a Lagrangian L 
(12) if the Lie derivative L^L is (in-exact. The following holds [15]. 

Proposition 2. A contact graded derivation d (16) is a variational supersymmetry of L 
iff its vertical part dy, vanishing on 0*X C S^F; Y], is well. 

Therefore, we further restrict our consideration to vertical contact graded derivations 

$ = v A d A + J2 d A v A di (17) 

0<|A| 

Such a derivation is completely defined by its first summand v = v A d A . 

Proposition 3. As a result of the splitting (15), the Lie derivative ~L.gL of a Lagrangian 
L along a vertical contact graded derivations $ (17) admits the decomposition 

UL = v\5L + d H ($\~)). (18) 



Proposition 4. An odd vertical contact graded derivations $ (17) is a variational su- 
persymmetry of L iff the odd density v\5L = v A S A cu is dn-exact. 

A vertical contact graded derivation $ (17) is called nilpotent if L^(L^0) = for any 
horizontal graded form (ft G S^*[F; Y]. It is nilpotent only if it is odd and iff 

= #{v A d A ) = £ v*d*(v A )d A = 0. (19) 

0<|S| 

For the sake of simplicity, the common symbol v further stands for $ (17), its summand v, 
and the Lie derivative L#. We agree to call v the graded derivation of the BGDA S^[F; Y\. 

Remark 2. Right contact graded derivations v = 8av a of the BGDA S^[F; Y] are also 
involved in the sequel. They act on graded forms (ft on the right by the rule 

^(0) = d(0) + d(<ft[v), v(<ft A (ft') = (-I)^'IM v(<ft) A (ft 1 + <ft A V (</>'). 

For instance, d A {<ft) = (-l)^ +1 ^d A ((f>), d A = d A and d H (<f>) = {-l)^d H {<ft). With right 
graded derivations, we have the right Euler-Lagrange operator 

*5 L — *£ a uj A 9 A , £ A = Y.(-^d A (d k A {L)). 

0<|A| 
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An odd right graded derivation v is a variational supersymmetry of a graded Lagrangian L 
iff the odd graded density £av a u is d H -exact. 

Remark 3. Any local graded functions /', / A , < |A| < k, and a graded exterior form 
4> obey the equalities 

E f K dKf'u= E (-l)^d A (f A )fu; + d H a, (20) 

0<|A|<fe 0<|A|<fc 

E (-i) |A| rfA(/V) = E ^(/) A ^ ? (^)(/) A = / A , (2i) 

0<|A|<fe 0<|A|<fc 

v(f) A = E (-l) |S+A| ^ A| ^/ E+A , ^ = —^. (22) 
0<|S|<fe-|A| "-v w "J- 

In particular, the decomposition (18) takes the local form (20), but Corollary 2 states that 
the second term in its right-hand side is globally <i#-exact. 



2. The Koszul Tate complex of Noether identities 

Given a degenerate Grassmann-graded Lagrangian system (S^F; Y],L), let us associate 
to the Euler-Lagrange operator 5L (13) of a graded Lagrangian L (12) the exact Koszul- 
Tate chain complex with the boundary operator whose nilpotency conditions provide all 
non-trivial Noether and higher-stage Noether identities for SL. 

Remark 4. We introduce the following notation. Let E — > X be a vector bundle and 
E* its dual. The bundle product 

E* = E* <g> A T*X 
x 

is called the density-dual of E. Given the pull-back Ey of E onto Y, let us consider the 
BGDA S^[F;E Y \. There are monomorphisms of C^F-algebras S^[F;Y] -> 
and O^E — ► iS^-F; .Ey] whose images contain the common subalgebra O^Y. We consider: 
(i) the subring V^Ey C O^Ey of polynomial functions in fiber coordinates of the vector 
bundles J r Ey — > J r y, (ii) the corresponding subring V^[F\ Ey] C S^F; Ey] of graded 
functions with polynomial coefficients belonging to V^Ey, (hi) the subalgebra V^F; Y; E] 
of the BGDA S^[F; Ey] over the subring V^[F; Ey]. Given vector bundles V, V, E, E' over 
X, let us denote 

VI, [V'V; F; Y; EE'] = [V x V x F; Y; E x E'] . (23) 

The BGDA P^[E;Y"; E] and, similarly, the BGDA (23) possess the same cohomology as 
S^[F;Y] in Theorem 1. Since H*(Y) = H*(E Y ), this cohomology of the BGDA S^[F;Y] 
equals that of the BGDA S^[F; E Y ]. Furthermore, one can replace the BGDA S^[F; E Y ] 
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with VlJyF] Y; E] in the condition of Theorem 1 due to the fact that sheaves of V^Ey- 
modules are also sheaves of C^F-modules. 

Remark 5. For the sake of simplicity, we assume that the vertical tangent bundle VY 
of a fiber bundle Y — > X admits the splitting VY = Y x x W, where W — > X is some vector 
bundle. In this case, there no fiber bundles under consideration whose transition functions 
can vanish on the shell £a — 0. Let Y* denote the density-dual of W in this splitting. 

Let us enlarge the BGDA S^[F; Y] to the BGDA V^[Y*; F; Y;F*} whose local basis is 

{s A ,s A }, [2u] = ([A] + l)mod2. 

Following the physical terminology [2], we agree to call ~s~a the antifields of antifield number 
Ant[s^] = 1. The BGDA V^Y*; F; Y; F] is provided with the nilpotent right graded 
derivation 

S=d A S A , (24) 

where Sa are the graded variational derivatives (13). We call 5 the Koszul-Tate differential. 

Definition 1. One says that an element of the BGDA V^^Y*; F; Y; F*} or its extension 
vanishes on the shell if it is S-exact. 

With the Koszul-Tate differential (24), the module P£f[F*; F; Y; F*] of graded densities 
is split into the chain complex 

<- S^[F; Y] J- Vl n [Y*- F-Y-F\---^ V°J l [T; F; Y; T] k • • • 

graded by the antifield number. Let us consider its subcomplex 

<_ ImSJ- P£f[F*; F; Y; F]i J- V°J l [Y*; F;Y;F*] 2 . (25) 

It is exact at lm5. Let us examine its first homology Hi(6). 

Remark 6. If there is no danger of confusion, elements of homology of a chain complex 
are identified to its representatives. A chain complex is called r-exact if its homology of 
degree k < r is trivial. 

A generic one-chain of the complex (25) takes the form 

$ = £ $ A ' A s A ^, $ A ' A G SUF; Y}. (26) 

0<|A| 

The cycle condition reads 

M= § AA d K £ A uj = 0. (27) 

0<|A| 
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This equality is a Noether identity which the graded variational derivatives 8a (13) satisfy. 
Conversely, any equality of the form (27) comes from some cycle (26). A Noether identity 
(27) is trivial if a cycle is a boundary 

$= £ T^ B ^d^S B S AA LO, T (AA)(BS) = _ ( _ 1) [A][B] T ( B E)(AA)_ 

0<|A|,|E| 

Definition 2. Noether identities which the Euler-Lagrange operator 5L (13) satisfies 
are one-cycles of the chain complex (25). Trivial Noether identities are boundaries. Non- 
trivial Noether identities considered modulo the trivial ones are non-zero elements of the first 
homology Hi(S) of the chain complex (25). 

One can say something more if the S^[F; Y]-module Hi(5) is finitely generated. Namely, 
there exists a projective Grassmann-graded C°°(X)-module C(o) C Hi(S) of finite rank such 
that any element $ G Hi(5) factorizes via elements of C(o) as 

E G r ^A r cu, e SUF; Y], (28) 

0<|S| 

A r = E A ^aa, Ar A ' A G Sl[F; Y], (29) 

0<|A| 

where {A r } is a local basis for C( ). This means that any Noether identity (27) is a corollary 
of the Noether identities 

8A r = E ^ A d A S A = 0. (30) 

0<|A| 

Clearly, the factorization (28) is independent of specification of local bases {A r }. By virtue 
of the Serre-Swan theorem, the module C( ) is isomorphic to a module of sections of the 
product V* x x E*, where V* and E* are the density-duals of some vector bundles V — > X 
and E -> X. 

Definition 3. If the first homology H\{5) of the chain complex (25) is finitely generated, 
its generating elements A r e C( ) (29) and the corresponding equalities (30) are called the 
complete Noether identities. 

For instance, let L (12) be a variationally trivial Lagrangian. Its Euler-Lagrange operator 
5L = obeys the Noether identities which are finitely generated by the Noether identities 
A A = s A - 

Proposition 5. If the homology Hi(S) of the chain complex (25) is finitely generated, 
this complex can be extended to the one-exact chain complex (32) with a boundary operator 
whose nilpotency conditions are equivalent to the complete Noether identities (30). 

Proof. Let us enlarge the BGDA V^[Y*; F; Y;F*] to the BGDA 

V^T-F-Y-TTl (31) 



10 



possessing the local basis 

{s A ,s A ,c r }, [c r ] = ([A r ] + l)mod2, Ant[c r ] = 2. 
The BGDA (31) is provided with the nilpotent right graded derivation 

5 = 5+ d r A r , 

called the zero-stage Koszul-Tate differential. It is readily observed that its nilpotency 
conditions (19) are equivalent to the complete Noether identities (30). Then the module 
V^[E*Y*; F; Y; F*V*]< 3 of graded densities of antifield number Ant[0] < 3 is split into the 
chain complex 

<_ Im^^f; F; Y; T] ± 3- ^ B [Tf; F; Y; F*V*} 2 (32) 
^V^\E*Y*-F-Y-F*V\. 

Let H*(8q) denote its homology. We have H (5 ) = H (5) = 0. Furthermore, any one-cycle 
$ up to a boundary takes the form (28) and, therefore, it is a Jo-boundary 

$ = G r ' s d s A r u = 5 ( G r ' s c Er uj). 

0<|E| 0<|S| 

Hence, Hi(5q) = 0, i.e., the complex (32) is one-exact. q.e.d. 

Let us examine the second homology #2(^0) of the complex (32). A generic two-chain 
reads 

$ = G + H = £ G r > A c Ar u + Yl H^^saaSxbu. (33) 

0<|A| 0<|A|,|S| 

The cycle condition takes the form 

5 $ = G r > A d A A r u + SH = 0. (34) 

0<|A| 

This is a first-stage Noether identity which the complete Noether identities (29) satisfy. 
Conversely, let 

$ = ]T G r > A c Ar u G V^ n [E*Y*; F; Y; F*V*] 2 

0<|A| 

be a graded density such that the first-stage Noether identity (34) hold. This identity is 
obviously a cycle condition of the two-chain (33). 

Definition 4. The first-stage Noether identities which the complete Noether identities 
satisfy are two-cocycles of the one-exact chain complex (32). 

The first-stage Noether identity (34) is trivial either if a two-cycle $ (33) is a boundary or 
its summand G, linear in antifields, vanishes on the shell. Because of the second requirement, 
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trivia first-stage Noether identities need not be two-boundaries, unless the following condition 
is satisfied. 

Definition 5. One says that the chain complex (32) obeys the two-homology regularity 
condition if any 8-cycle (ft G V^\Y*; F; Y; F*} 2 is a b^-boun&ary. 

Proposition 6. Non-trivial first-stage Noether identities are identified to non-zero el- 
ements of the second homology H 2 (8o) of the complex (32) iff the two-homology regularity 
condition hold. 

Proof. It suffices to show that, if the summand G of a two-cycle $ (33) is 5-exact, $ is 
a boundary. If G — 8^, then 

<S> = 5 y + (5-5 )y + H. (35) 

The cycle condition reads 

5 ® = 8((5-5 ) i i? + H) =0. 

Then (8 — 8 )^ + H is £ -exact since any 5-cycle (ft G V^ n [Y*; F; Y; F ] 2 , by assumption, is 
a 5 -boundary. Consequently, $ (35) is <5 -exact. Conversely, let $ G V^ n [Y*; F;Y; F*] 2 be 
an arbitrary 5-cycle. The cycle condition reads 

M = 2^ A ^ B ^s AA 8s EB u = 2& A >^ B ^s AA dx£ B cj = 0. (36) 
It follows that $ (AA)(B ' s) 5s SB = for all indices (A, A). We obtain 

$ (AA)( S ,e)- sb = G (AA)(r,~) dsAr + ss^ A ). 

Hence, $ takes the form 

$ = G' (A '^ r ' s) d B A r s AA u + 8S iA ' A) s AA u. (37) 
We can associate to $ (37) the three-chain 

= G' iA ' AKr > s) c Sr s AA uj + S {A ' A) s AA u; 

such that 

5 ^j = $ + a = $ + G" ,(A ' A)(r ' s) d A £ A c Sr cc> + S' (A ' A) 5s AA w. 

Owing to the equality = 0, we have 8 a = 0. Since the term G" of a is 5-exact, then cr 
by assumption is <5 -exact, i.e., a = 8 ip. It follow that $ = 8 ^/ — 8 tfj. q.e.d. 

If the two-homology regularity condition is satisfied, let us suppose that the second 
homology H 2 (8q) of the complex (32) is finitely generated as follows. There exists a projective 
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Grassmann-graded C°°(X)-module Cm C H 2 (S ) of finite rank such that any element $ G 
H 2 (S ) factorizes via elements of Cm. as 

$ = J2 ® ri > S d s A ri u, <T- S G <S^[F; y], (38) 

0<|S| 

A ri = G ri + h ri = J2 K\ A CAr + h ri , h ri ioeV^ n [Y*;F;Y;T}, (39) 

0<|A| 

where {A ri } is a local basis for C(i). Thus, any first-stage Noether identity (34) results from 
the equalities 

£ A;; A rf A A r + ^ ri =0. (40) 

0<|A| 

By virtue of the Serre-Swan theorem, Cm. is isomorphic to the module of sections of the 
product V{x E{, where V\ and E{ are the density-duals of some vector bundles Vi —> X 
and E l -> X. 

Definition 6. (%) If the chain complex (32) obeys the two-homology regularity condition 
and its second homology H 2 (5q) is finitely generated, the generating elements A ri G Cm (39) 
of H 2 (5 ) and the corresponding equalities (40) are called the complete first-stage Noether 
identities, (ii) A degenerate Lagrangian system is said to be one-stage reducible if it possesses 
complete Noether and first-stage Noether identities. 

In other words, a degenerate Lagrangian system (S^F; Y], L) is first-stage reducible if 
one associates to it a one-exact chain complex (32) which obeys the two-homology regularity 
condition and whose second homology is finitely generated. 

Proposition 7. The one-exact chain complex (32) associated to a first-stage reducible 
degenerate Lagrangian system can be extended to the two-exact chain complex (41) with a 
boundary operator whose nilpotency conditions are equivalent to complete Noether and first- 
stage Noether identities. 

Proof. Let us consider the BGDA ^[IJFF ; F; Y; FVV t ] possessing the local basis 
{s A , ~s A , c r , c ri }, [c r J = ([A r J + l)mod2 Ant[c r J = 3. 
It can be provided with the nilpotent graded derivation 

Si = 5 + d ri A ri , 

called the first-stage Koszul-Tate differential. Ii is easily seen that its nilpotency conditions 
(19) are equivalent to the complete Noether identities (30) and complete first-stage Noether 
identities (40). Then the module V%?{E*J0*Y*; F; Y; ~F*V*V{\< A of graded densities of anti- 
field number Ant[0] < 4 is split into the chain complex 

<- ImSJ-V^iY*; F; Y; F]i 3- V^ n [E*T; F; Y;F*V*] 2 3- (41) 
V^ l \E\TT; F; Y; FFT^ V^ n \E\TT; F; Y; TTV*^. 
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Let H*(5i) denote its homology. It is readily observed that 



ifoOJi) = H Q (8), H 1 (5 1 ) = H^Sq) = 0. 
By virtue of the expression (38), any two-cycle of the complex (41) is a boundary 

$ = J2 ® ri ' S d~A ri u = 5i( J2 ® ri ' S c Eri )uj. 

0<|S| 0<|S| 

It follows that H 2 (5i) = 0, i.e., the complex (41) is two-exact. q.e.d. 

If the third homology H 3 (5i) of the chain complex (41) is not trivial, there are non-trivial 
second-stage Noether identities which the first-stage ones satisfy, and so on. Iterating the 
arguments, we come to the following. 

Given a first-stage reducible degenerate Lagrangian system (S^F; Y], L) in accordance 
with Definition 6, let us assume the following. 

(a) Given an integer N > 1, there are vector bundles V 1: . . . , V N , E 1: . . . , E N over X, and 
the BGDA S^F; Y] is enlarged to the BGDA 

KiN] = V*JE* N ■ ■ -ElTT; F; Y-TTT, ■ ■ ■ V* N \ (42) 

with a local basis {s A , ~s~a, c r , c ri , . . . , c rjv } graded by antifield numbers Ant[c r J = k + 2. Let 
the indexes k = —1,0 further stand for sa and c r , respectively. 

(b) The BGDA P^{iV} (42) is provided with a nilpotent graded derivation 

5 N =d A £ A + E d r Af> A s AA + E d rk K k , (43) 

0<|A| l<fc<Af 

^r k = G rk +h rk = E Kt^CAr^ + E (h^^C^^A + ...), (44) 
0<|A| 0<|S|,|3| 

of antifield number -1. 

(c) With Sn, the module V ^ {iV}<jv +3 of graded densities of antifield number Ant[0] < 
iV + 3 is split into the (N + l)-exact chain complex 

<_ l m 5 J- V^ n [Y*; F; Y; F\ 3l V°^{0} 2 3- 7% B {1} 8 • • • (45) 
— P£{N - 1} N+1 Tt n {N}» + 2 ^ VT{N} N+ S, 

which satisfies the following (N + l)-homology regularity condition. 

Definition 7. One says that the chain complex (45) obeys the (N + 1) -homology regularity 
condition if any S^N-i-cycle <p G V ^ {k} k+3 C V ^ {k + l}k+3 is a Sk+i-boundary. 

Note that the (N + l)-exactness of the complex (45) implies that any t^jv-i-cycle (f> G 



V ^ {k}k+3, k < N, is a 5fc + 2-boundary, but not necessary a ^ + i-boundary. 

If N = 1, the complex V ^ {1}<4 (45) is the chain complex (41). Therefore, we agree 
to call 5n (43) the iV-stage Koszul-Tate differential. Its nilpotency implies the complete 
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Noether identities (30), first-stage Noether identities (40), and the complete (k < iV)-stage 
Noether identities 

E Kt 1 '^ E Kzfc^ 2 ) + S( E ^ 2,E){A ' H W 2 *ha) = 0, (46) 

0<|A| 0<|S| 0<|S|,|S| 

which the complete (A; — l)-stage Noether identities A r . fc _ 1 (44) satisfy. 

Definition 8. // the above mentioned assumptions (a) - (c) hold, a degenerate 
Grassmann- graded Lagrangian system (S^F; Y], L) is called N-stage reducible. 

If the (iV+2)-homology of the complex (45) is not trivial, an TV-stage reducible Lagrangian 
system is (N + l)-stage reducible under the following conditions. 

Theorem 2. Given an N-stage reducible Lagrangian system in accordance with Defini- 
tion 8, let us suppose that the (N + 2) -homology H n+2 (Sn) of the associated chain complex 
(45) is not trivial. Then the following holds. 

(i) The (N + l)-stage Noether identities which the complete N-stage Noether identities 
satisfy are the (N + 2)-cycles of the complex (45), and vice versa. 

(ii) The trivial (N + l)-stage Noether identities are (N + 2) -boundaries iff the (N + 2)- 
homology regularity condition holds. In this case, non-trivial (N + 1) -stage Noether identities 
modulo the trivial ones are identified to non-zero elements of the homology Hn +2 (Sn)- 

(in) If the homology Hn + 2(Sn) is finitely generated, the complex (45) admits an (N + 2)- 
exact extension. The nilpotency of its boundary operator implies the complete Noether and 
{k < N + l)-stage Noether identities. 

Proof, (i) A generic (N + 2)-chain $ e V ^ {N} N+2 takes the form 

$ = G + H= ]T G r ^ A c ArN u+ J2 (^ (A ' H)(riV - 1 ' S) ^cs, JV _ 1 + ...V- (47) 

0<|A| 0<|E|,|H| 

The cycle condition 5^$ = implies the equality 

EG r "%(EA^V 1 )+^( E H^-^s EA c SrN _ 1 ) = 0, (48) 

0<|A| 0<|S| 0<|S|,|S| 

which is an (N + l)-stage Noether identity. Conversely, let 

$ = ]T G r -' A c ArN u G P£{N} N+2 

0<|A| 

be a graded density such that the condition (48) holds. Then this condition can be extended 
to a cycle one as follows. It is brought into the form 

M E G r "> A c ArN + ]T H^^hzAC^) = 

0<|A| 0<|E|,|~| 

- £ G r »> A d A h rN + £ tf^^-^WsA^. 

0<|A| 0<|E|,|S| 



15 



A glance at the expression (44) shows that the term in the right-hand side of this equality 
belongs to VZ {N - 2} N+1 . It is a 5jv_2-cycle and, consequently, a ^jv-i-boundary 5n-i^ in 
accordance with the (N + l)-homology regularity condition. Then the (N+ l)-stage Noether 
identity (48) is a cs rjv _ 1 -dependent part of the cycle condition 

M E G rN ' A C\r N + E H^'x-^hzACzr^ ~ *) = 0, 
0<|A| 0<|S|,|S| 

but 5jv^ does not make a contribution to this identity. 

(ii) Being a cycle condition, the (N + l)-stage Noether identity(48) is trivial either if a 
cycle $ (47) is a ^-boundary or its summand G is 5-exact. The (iV + 2)-homology regularity 
condition implies that any 5^_i-cycle $ G T^{N — l}jv+2 C V°^{N}n + 2 is a (^-boundary. 
Therefore, if <3> (47) is a representative of a non-trivial element of Hn + 2(5n), its summand 
G linear in c\ rN does not vanish. Moreover, it is not a 5-boundary. Indeed, if G = 5^f, then 

$ = 5^ + (S- 8 N )f + H. (49) 

The cycle condition takes the form 

5 N $ = 8 N ^((5 - 5 N )ty + H) = 0. 

Hence, (5 — 5n)^ + H is 5jv-exact since any <5jv_i-cycle <f> G V°J^{N —1}n + 2 is a (^-boundary. 
Consequently, $ (49) is a boundary. If the (N + 2)-homology regularity condition does not 
hold, trivial (N + l)-stage Noether identities (48) also come from non-trivial elements of the 
homology H N+2 (8 N ). 

(hi) Let the (N+ l)-stage Noether identities be finitely generated. Namely, there exists a 
projective Grassmann-graded C°°(X)-module C(at+i) of finite rank C(jv+i) C Hn + 2(5n) such 
that any element <3> G H n+2 (5n) factorizes via elements of C(jv+i) as 

$ = £ <F~+- s d H A rjv+1 u;, G <S^[F; Y], (50) 

0<|S| 

^i-jv+i = G rN+1 + ^rjv + i = E ^r^+i C A»*jv + ^Tjv+h (51) 

0<|A| 

where {A rAr+1 } is local basis for C(jv+i). Clearly, this factorization is independent of spec- 
ification of this local basis. By virtue of the Serre-Swan theorem, C(jv+i) is isomorphic to 
a module of sections of the product V* N+1 x E* N+1 , where V* N+l and E* N+1 are the density- 

X 

duals of some vector bundles V N+1 — > X and .Eat+i — > X. Let us extend the BGDA V^N} 
(42) to the BGDA V^N + 1} possessing the local basis 

{s A ,s A ,c r ,c ri , . . . ,c rN ,c rN+1 }, Ant[c rjv+1 ] = N + 3, [c rAr+1 ] = ([A rjv+1 ] + l)mod2. 

It is provided with the nilpotent graded derivation 

6 N+1 = 5 N +d rN+1 A rN+1 
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of antifield number -1. With this graded derivation, the module V°^{N + l}<jv+4 of graded 
densities of antifield number Ant[</>] < Af + 4 is split into the chain complex 

<_ imSJ-V^F*; F; Y; F\ V°^{0} 2 P^{1} 3 • • • (52) 

^ r^ {N _ 1}n+1 ^ vt n {N} N+2 ^ P£{N + 1 W 3 ^ ^{iV + 1W 

It is readily observed that this complex is (N + 2)-exact. In this case, the (N + l)-stage 
Noether identities (48) come from the complete (N + l)-stage Noether identities 

E K N N £d^r N cu + 5h rN+1 u = 0, (53) 

0<|A| 

which are reproduced as the nilpotency conditions of the graded derivation 5jv+i- q.e.d. 

It may happen that the iteration procedure based on Theorem 2 is infinite. We restrict 
our consideration to the case of a finitely (iV-stage) reducible Lagrangian system possessing 
the finite (N + 2)-exact chain complex, called the Koszul-Tate complex, 

<_ Im5^ef; F- Y- 3- ^ B {0} 2 ^ P* B {1} 8 • • • (54) 

^ ^"{JV - 1W ^{N} N+2 ^ V^{N} N+3 , 
5 N =d A £ A + E d r A A > A s AA + J2 d rk A rk , (55) 

0<|A| l<k<N 

where A rfe (44) and the corresponding equalities (46) are the complete A;-stage Noether 
identities. The 



3. Noether's inverse second theorem 

Given the BGDA V^N} (42), let us consider the BGDA 

V^{N} = V* oc [Vn--- V.V; F- Y; EE 1 ■ ■ ■ E N \ (56) 
possessing the local basis 

{s A , c r , c r \ . . . , c rN }, [c rk ] = ([c r J + l)mod2, Ant[c rfc ] = —(k + 1), 
and the BGDA 

PL{N} = VJ& N ■ ■■E* 1 E*Y*V N ■ ■ ■ V X V; F; Y; EE 1 ■ ■ ■ E N TTv{ ■■■¥%} (57) 
with the local basis 

{s )C,C , . . . , C N , S A , c r , c ri , . . . , c rjv } . (58) 

Following the physical terminology [2], we agree to call c Tk , k G N, the ghosts of ghost 
number gh[c rfc ] = k+l. Clearly, the BGDAs V^N} (42) and V^{N} (56) are subalgebras 
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of the BGDA P^{N} (57). The Koszul-Tate differential 8 N (55) is naturally extended to a 
graded derivation of the BGDA P^{N} (57). 

Theorem 3. With the Koszul-Tate complex ( 54 ), the graded commutative ring Vl{N} C 
V^oiN} (56) is split into the cochain sequence 

- Si [F ; Y\ ^{JVh p£,{JV} 2 (59) 
u e = u+ J2 u (k), (60) 

l<k<N 

graded in a ghost number, where u (66), (68) and (70), k = 2,...,N, are the 
gauge, first-stage and higher-stage gauge supersymmetries of an original Grassmann- graded 
Lagrangian. 

Proof. Let us extend an original graded Lagrangian L to the even graded density 

L e = C e u = L + L l = L+ E c r ^ r . k u = L + 5 N ( E c r "c rk u), (61) 

0<k<N 0<k<N 

whose summand L\ is linear in ghosts and possesses the zero antifield number. It is readily 
observed that S^(L e ) = 0, i.e., 5^ is a variational supersymmetry of the graded Lagrangian 
L e (61). Using the formulas (21) - (22), we obtain 

0S A 0<k<N ° C r k ° S A 0<k<N 0C 'k 00 

[v A £a+ E v^] U = d H a, 

0<k<N uu 

v A = ^ = u A + w A =Y. c r A v(^f) A + E E c r Md A (h ri ))\ 

0Sa 0<|A| l<i<V0<|A| 



^ = ^ + ^ = E c A k+1 v(K k k+1 ) A + E E 4^(H rfc (^)) y 

0Cr fc 0<|A| fc+Ki<ATo<|A| 



The equality (62) falls into the set of equalities 

5 c A r = u a £ a uj = d H a , (63) 

OS A 

r ^ n A n ) c 7(c"A ri ) 

[ j= o A H — A r \uj = d H ai, (64) 

OS A OC r 

r ^( Cr ' A rJ c , \- ^(^'ArJ a l A rr SO /V ffi^ 

i — F= ^a+V — 7z A r \uj = d H ai, % = 2,..., TV. (65) 

A glance at the equality (63) shows that, by virtue of the decomposition (18), the graded 
derivation 



u = u A ^ = E cki/(A?) A , (66) 

0<|A| 



18 



is a variational supersymmetry of an original graded Lagrangian L. Parameterized by ghosts 
c r , it is a gauge supersymmetry of L [5, 15]. 
The equality (64) takes the form 

[J- (c n^E)(A, S )- EB _ sA)£ . A+ ^ A; , s _ &) ^ a b^ sb]w = 

° Sa ° Cr 0<|S| 0<|S| 

0<|S| 0<|S| 0<|S| 

Using the relation (20), we obtain 

[E c ri E 2/i?' s)(a ' s) W s £a + « r E Af' S ^]^ = <W 

0<|3| 0<|S| 0<|3| 

The variational derivative of the both sides of this equality with respect to the antifield sb 
leads to the relation 

E v(h^ fd s (2c^d E £ A ) + E «5fl(A?) E = 0, 

0<|E| 0<|S| 

which is brought into the form 

E d ^4v uB = « B = - E v(2hi^fd^s ZA ). (67) 

<|E| 0<|S| 

Therefore, the odd graded derivation 



« r =E^K) A , (68) 

0<|A| 



is the first-stage gauge supersymmetry of a reducible Lagrangian system [5]. 

Every equality (65) is split into a set of equalities with respect to the polynomial degree 
in antifields. Let us consider the one, linear in antifields c n _ 2 and their jets. We have 

[ S {(ft ^ h£^( A ^_ 2 s EA )£ A + 

0Sa 0<|S|,|3| 

-^-(c^ E dt^V&iJ E ^Tc^Jco = d H a t . 

0Cr i-i o<|S| 0<|3| 

It is brought into the form 

[E(-l) |S| ^(c^ E h^-^ A ^ ri _ 2 )£ A + u r ^ E Kr-fcznJu = d u a % . 

0<|3| 0<|S| 0<|3| 

Using the relation (20), we obtain 

[ E ^ E htr^ A -h^ ri _ 2 d^ A + u^ E ^rfc^^ = d H a[. 

0<|3| 0<|S| 0<|3| 
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The variational derivative of the both sides of this equality with respect to the antifield c n _ 2 
leads to the relation 

E V (h^ A ^fd^d E £ A ) + E u r ^ V (A r rr _lf = 0, 

0<|S| 0<|S| 

which takes the form 

E d^u^-^if^ = 5(a r '- 2 ), a r ^ = - E ^-^^YM^a). (69) 

0<|S| 0<|S| 



Therefore, the odd graded derivations 

d 

dc r *-i ' 



M « = ^ 7T7T7' ^ = E c a ?7(A;r) A , k = 2, . . . , N, (70) 

0<|A| 



are the /c-stage gauge supersymmetries [5]. The graded derivations it (66), it(i) (68), it(fc) 
(70) are assembled into the ascent operator (60) of ghost number I. It provides the cochain 
sequence (59). q.e.d. 

Remark 7. The ascent operator (60) need not be nilpotent. We say that gauge and 
higher-stage gauge supersymmetries of a Lagrangian system form an algebra on the shell if 
the graded derivation (60) can be extended to a graded derivation v of ghost number 1 by 
means of terms of higher polynomial degree in ghosts such that v is nilpotent on the shell. 
Namely, we have 

v = Ue+i = u A dA+ £ (^-H^-^Vi+r^^ (7i) 

l<fc<7V 

where all the coefficients $, rk ~ 1 are at least quadratic in ghosts and (v o v)(f) is 5-exact for 
any graded function / G V^ {N} C P^ Q {N}. This nilpotency condition falls into a set of 
equalities with respect to the polynomial degree in ghosts. Let us write the first and second 
of them involving the coefficients quadratic in ghosts. We have 

E dxu r d?u B = 5(af), E ds^dj y*- 2 = 5(a[ k - 2 ), 2 < k < N, (72) 

0<|S| 0<|S| 

E [dxu A d*u B + d^dfu B ] = S(a B ), (73) 

0<|S| 

E \d^u A dlu^ + dx&d? k u rk -i + d^8\ = 5(a^), (74) 

0<|S| 

£ = , t? = Cfclci , 2 < k < N. (75) 

1 k 

The equalities (72) reproduce the relations (67) and (69) in Theorem 3. The equalities 
(73) - (74) provide the generalized commutation relations on the shell between gauge and 
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higher-stage gauge supersymmetries, and one can think of the coefficients £ 2 (75) as being 
sui generis generalized structure functions [5, 11]. 



4. Example 

We address the topological BF theory of two exterior forms A and B of form degree 
\A\ + \B\ = dim A" — 1 on a smooth manifold X [7], but restrict our consideration to its 
simplest variant where A is a function [4, 6]. 

Let us consider the fiber bundle 

Y = R x "a 1 T*X, 
x 

coordinated by (x A , A, S Ml ... Mn _ 1 ) and provided with the canonical (n — l)-form 

1 



B 



(n-l)\ B ^ n - ldX>Xl A " ' A dX ^ 1 ' 



The Lagrangian and the Euler-Lagrange operator of the topological BF theory read 

L BF = -Ad H B, (76) 
n 

5L = dAASuj + dB^,,,^ A S^-^u, 

g = e wi-»n-i diiBiii ^ n _ i) = -e^-^d^A, (77) 

where e is the Levi-Civita symbol. Let consider the BGDA V^[Y ; V] where 

VY — YxY, Y* = (R x "a 1 TX) <g> A T*X. 

It possesses the local basis {A, . / i n _ 1 , s, where s,^ 1 "'^"- 1 are odd antifields of 

antifield number 1. With the nilpotent Koszul-Tate differential 

- d d 

§ — —g _| CW-fa-l 

we have the complex (25): 

<_ im 5 <_£_ p£« [F* ; y] i ^- [F* ; y ] 2 . 
A generic one-chain reads 

*= E(^a + <..^_X 1 -""" 1 )^ 

0<|A| 



and the cycle condition takes the form 

i a, 

■ /ii.../i n _i'-'A 



5$ = $ A £ A + ^...^C- 1 *"- 1 = 0. (76 
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If $ A and $^ 1 ... Mn _ 1 are independent of the variational derivatives (77) (i.e., $ is a nontrivial 
cycle), the equality (78) is split into the following ones 

$ A £ A = 0, = 0. 

The first equality holds iff $ A = 0, i.e., there is no Noether identity involving £. The second 
one is satisfied iff 

(f)Al...A fc ..fln-l _ (f)M^2---A fc Al/ll...^„_l 

It follows that $ factorizes as 

0<|S| 

via local graded densities 

A ai...Q; n _i A — ^ai^aa "a„_i S A ~ «^i S > I ' 9 J 

which provide the complete Noether identities 

d^E™"""- 1 = 0. (80) 

The local graded densities (79) form the basis for a projective C°°(X)-module of finite 
rank which is isomorphic to the module of sections of the vector bundle 

— * n—2 n n—2 

V = A TX <S> A T*X, V = A T*X. 
x 

Therefore, let us enlarge the BGDA V^[Y*; Y] to the BGDA P^{0} = V^[Y*; Y; V] pos- 
sessing the local basis {A, S (U1 ... /ln _ 1 , s, s^ 1 '"' 1 ™- 1 , c /i2 '"" M " _1 }, where c^ 2 ---^™- 1 are even antifields 
of antifield number 2. We have the nilpotent graded derivation 

5q = ~5 -\- 7— — — A" 2 -""- 1 

of P^{0}. Its nilpotency is equivalent to the complete Noether identities (80). Then we 
obtain the one-exact complex 

<_ irnS^V^lT^^V^^Oh^V^iOh. 

Iterating the arguments, we come to the (TV + l)-exact complex (45) for N < n — 3 as 
follows. Let us consider the corresponding BGDA 

K>W = VU-VsV.T; Y; VV 2 V 4 ...\, V k = "TV*, k = 1, . . . , N, 
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possessing the local basis 

l^ 1 -? J -'Hl...lJ, n -l ; a ) 15 ) L 5 ' ' ' ? /) 

[c^-^- 1 ] = (fc + l)mod2, Ant[c"*+ a -' i "- 1 ] = fc + 3. 
It is provided with the nilpotent graded derivation 

^ = ( 5 0+ y -^A A M fc+2 ...Mn-l AMfc+2 ...Mn-l = rf ^ fc+lW+2 ...^-l / gl N 

l<k<N ULj 

of antifield number -1. Its nilpotency results from the Noether identities (80) and equalities 

d w+a A" fc + a -' 1 »- 1 = 0, k e N, (82) 
which are fc-stage Noether identities [4]. Then the manifested (AT + l)-exact complex reads 

- hnlJ-V^F-, Yh^V^iOh^V^'ilh ■ ■ ■ (83) 

It obeys the following (AT + 2)-homology regularity condition. 

Lemma 1. Any (N + 2)-cycle $ G ^^"{AT — 1}jv+2 to a 5 n -\-boundary is 

$= y y G A r Ai x 4 4 (84) 

fci+-+fci+3i=JV+20<|Ai|,...,|Ai| 1 

rf Ai . . . dK A /*i j+a -/«n-i W) fc = -1, 0, 1, . . . , JV, 

w/iere c** 1 -^- 1 = s^-^-i an d A mi-/^-i — gui-nn-i _ ft follows that § is a 5 N -boundary . 

Proof. Let us choose some basis element c Mfc+2 '"' ln - 1 and denote it simply by c. Let $ 
contain a summand </>ic, linear in c. Then the cycle condition reads 

<fo_i$ = 8 N -^ - fac) + (-1)^^-1(01)5+ 0A = 0, A = ^-ic. 

It follows that $ contains a summand -i/A such that 

(-l)K +1 5 J v- 1 (^)A + ( /)A = 0. 

This equality implies the relation 

X = (-l^Ss-iW (85) 
because the reduction conditions (82) involve total derivatives of A, but not A. Hence, 

$ = $' + 5 JV _ 1 (^c), 
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where $' contains no term linear in c. Furthermore, let c be even and $ has a summand 
4>rC r polynomial in c. Then the cycle condition leads to the equalities 

cj) r A = —5N-i<f) r -i, r > 2. 

Since <pi (85) is (5jv-i-exact, then <p 2 = and, consequently, <p r> 2 = 0. Thus, a cycle $ up to 
a 5jv_i-boundary contains no term polynomial in c. It reads 

$= V V G A r' Ai , , , cJ +2 - K - 1 ---cj i+2 -"^- 1 a;. (86) 

fci+-+fci+3i=JV+2 0<|Ai|,...,|A < | 1+ l + 

However, the terms polynomial in c may appear under general covariant transformations 

, f dx a Bx' Uk + 2 dx'^- 1 „ 

= det(— ~ 

dx'^ ox^ k + 2 ox^- 1 
of a chain $ (86). In particular, $ contains the summand 

I/ fc 1 +2--- iy n-l'---^fc i + 2--- ly n-l ' 

fci+---+fc i +3i=A r +2 

which must vanish if $ is a cycle. This takes place only if $ factorizes through the graded 
densities A»k+2-nn-i (81) in accordance with the expression (84). q.e.d. 

Following the proof of Lemma 1, one can also show that any (A r +2)-cycle $ G V ^ {N} N+2 
up to a boundary takes the form 

$ = y G A d A A^+ 2 -^-^, 

0<|A| 

i.e., the homology Hn + 2{5n) of the complex (83) is finitely generated by the cycles A MiV + 2 "' /in - 1 . 
Thus, the complex (83) admits the (N + 2)-exact extension (52). 

The iteration procedure is prolonged till iV = n — 3. We have the BGDA V*{n — 2}, 
where V n -i = X x R. It possesses the local basis 

where [c] = (n— l)mod2 and Ant[c] = n+ 1. The corresponding Koszul-Tate complex reads 

- W^- P£f[F*; F]i ^ V°S{0} 2 ^ P£ B {l}s • • • 

— ^> - 3}^ ^ ^"{n - 2} n t^P£{n - 2} n+ , 
5 n _ 2 = 5 + V A ^+2-^-i + 9 A A = d .c""- 1 . 

l<fc<n-3 WL UC 

Let us enlarge the BGDA V^n - 2} to the BGDA P^{n - 2} (57) with the local basis 

X^l J -'fJ,l...Hn-l ) L '/i2---Mn-l ) • • • 5 ' ' > ' ' " " " ' ' J ' 
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where c /i2 ... /ln _ 1 , . . . , c /ln _ 1 , c are the corresponding ghosts, and let us consider the BGDA 
V^{n - 2} with the local basis {A, B^...^,^...^^, . . . , c Mri _ 15 c}. By virtue of Theorem 
3, the graded commutative ring V^n — 2} is split into the cochain sequence 

- OlY 7*{n - 2}x 7£{n - 2} 2 -% • • • , (87) 
u e = u+ u (k) , (88) 

l<fc<n-2 

8 

u = ~dfM 1 c^ 2 ..^ n _ 1 -jrjr , (89) 

Q 

U(k) = -d^c^...^— , 1 < k < n - 3, (90) 

fc Mfc+1 ... /ln _ 1 

«(n-2) = ~d^C—, (91) 

where it (89) and (90) - (91) are the gauge and higher-stage gauge supersymmetries of 
the Lagrangian (76) [4]. It is readily observed that the ascent operator (88) is nilpotent, i.e., 
the sequence (87) is a cochain complex. 



5. Appendix 

The proof of Theorem 1 follows that of [15], Theorem 2.1 when Y is an affine bundle. 

Lemma 2. IfY — W l+m — > M. n , the complex (10) at all the terms, except R ; is exact, 
while the complex (11) is exact. 

Proof. This is the case of an affine bundle Y, and the above mentioned exactness has 
been proved when the ring O^Y is restricted to the subring V^Y of polynomial functions 
(see [15], Lemmas 4.2 - 4.3). The proof of these lemmas is straightforwardly extended to 
O^Y if the homotopy operator (4.5) in [15], Lemma 4.2 is replaced with that (4.8) in [15], 
Remark 4.1. q.e.d. 

We first prove Theorem 1 for the above mentioned BGDA r(T^ [F; Y]). Similarly to 
S^[F;Y], the sheaf 1^[F ; y] and the BGDA r(T^[F;F]) are split into the variational 
bicomplexes, and we consider their subcomplexes 

— >■ R — >■ T^, [F; Y] S^fF; Y] ^> X^fF; Y]-U<£ u (92) 

-> T^°[F; Y] ^ l^ 1 [F; Y] X^[F; Y] ^ - 0, (93) 

— ^ — > mllF; Y]) *Z+ r(X° oi 1 [F; F]) ^> r(5&"[F; Y}) -L> T^), (94) 

o - r(T^°[F; y]) ^ r(<r^[F ; *1) • • • r(<r^[F ; y]) r(d) - o, (95) 

where (£1 = q(%\£[F\ Y\). By virtue of Lemma 2, the complexes (92) - (93) at all the terms, 
except R, are exact. The terms X^*[F; V] of the complexes (92) - (93) are sheaves of r(X^ c )- 
modules. Since J°°Y admits a partition of unity just by elements of r(T^ ), these sheaves 



25 



are fine and, consequently, acyclic. By virtue of the abstract de Rham theorem (see [15], 
Theorem 8.4, generalizing [17], Theorem 2.12.1), cohomology of the complex (94) equals the 
cohomology of J°°Y with coefficients in the constant sheaf R and, consequently, the de Rham 
cohomology of Y, which is the strong deformation retract of J°°Y. Similarly, the complex 
(95) is proved to be exact. It remains to prove that cohomology of the complexes (10) - (11) 
equals that of the complexes (94) - (95). The proof of this fact straightforwardly follows the 
proof of [15], Theorem 2.1, and it is a slight modification of the proof of [15], Theorem 4.1, 
where graded exterior forms on the infinite order jet manifold J°°Y of an affine bundle are 
treated as those on X. 
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